The goal of this work is to generalize the Gauss-Bonnet and Poincaré-Hopf Theorems to the case of orbifolds with boundary. We present two such generalizations, the first in the spirit of [18] , which uses an argument parallel to that contained in [20] . In this case, the local data (i.e. integral of the curvature in the case of the Gauss-Bonnet Theorem and the index of the vector field in the case of the Poincaré-Hopf Theorem) is related to Satake's orbifold Euler characteristic, a rational number which depends on the orbifold structure.
Introduction
An orbifold is perhaps the simplest case of a singular manifold; it is a topological space which is locally diffeomorphic to R n /G where G is a finite group. Orbifolds were originally introduced by Satake in [17] and [18] , where they were given the name V -manifold, and rediscovered by Thurston in [22] , where the term orbifold was coined. Satake and Thurston's definitions differ, however, in that Satake required the group action to have a fixed point set of codimension at least two, while Thurston did not. Hence, Thurston's definition allows group actions such as reflections through hyperplanes. Today, authors differ on whether or not this requirement is made; often, when it is, the orbifolds are referred to as codimension-2 orbifolds. It is these orbifolds which are our object of study.
The point of view of this work is that an orbifold structure is a generalization of a differentiable structure on a manifold. We do not mean to suggest that the underlying space of an orbifold is necessarily a topological manifold; this is only the case in dimension ≤ 2, and not even in dimension 1 if the codimension 2 requirement is lifted. However, there are many examples of orbifolds whose underlying topological spaces are indeed manifolds. In these cases, we view the orbifold structure as a singular differentiable structure on the manifold. It should be noted that this is used as a guiding principle only, and that our results apply to any codimension-2 orbifold.
Hence, we improve upon Satake's Gauss-Bonnet theorem for orbifolds [18] by developing a Gauss-Bonnet integrand (and corresponding orbifold Euler Class) whose integral relates to the Euler Characteristic of the underlying topological space, as opposed to the orbifold Euler Characteristic (Theorem 4.1. This result depends on recent developments in the theory of orbifolds, most notably the Orbifold Cohomology Theory of Chen-Ruan [4] , and hence is restricted to the case of an orbifold which admits an almost complex structure.
As is well-known, the Gauss-Bonnet theorem is very closely related to the Poincaré-Hopf theorem; indeed, either of the two theorems can be viewed as a corollary of the other. With a new Gauss-Bonnet theorem, then, comes a new Poincaré-Hopf theorem. Following the work of Sha on the secondary Chern-Euler class for manifolds [20] , we generalize the Poincaré-Hopf theorem to the case of orbifolds with boundary (Theorem 4.1).
To this end, a remark is in order. Satake's original definition of a V-manifold with boundary was in many senses not very strict. In particular, the boundaries of his orbifolds were not necessarily orbifolds. This allows little control over vector fields on the boundary; indeed, it is not generally the case that the orbifold is locally a product near the boundary, and hence there need not exist a vector field which does not vanish on the boundary (Theorems 3.1 and 3.4). Since then, a more natural definition of orbifold with boundary has been given in [22] . Using this definition, we are able to refine Satake's original Gauss-Bonnet theorem for the case with boundary in his original setting.
The outline of this work is roughly as follows. In Section 2, we collect the necessary background information on orbifolds and orbifolds with boundary, including several examples, and paying particular attention to the behavior of vector fields on orbifolds. In Section 3, we review Satake's Gauss-Bonnet and Poincaré-Hopf theorems for orbifolds and orbifolds with boundary, making improvements where possible using the more modern definition of an orbifold with boundary. We also apply the arguments of Sha [20] to characterize the boundary term in the case with boundary as the evaluation of a secondary characteristic class on the boundary. It is easy to see that, even in the case of a manifold, the boundary term of this formula will always depend on the vector field (for instance, take a 2-sphere with a fixed vector field with one singular point p. Remove an open disk to produce a vector field on a manifold with boundary. The index of the vector field depends on whether p is contained in the disk removed, but the Euler Characteristic does not; hence, the boundary term must depend on the vector field). The spirit of the Poincaré-Hopf theorem is that this term should be formulated in a manner as independent of the vector field as possible; it is this reason that we chose the result of Sha to generalize to orbifolds.
In Section 4, we review the Chen-Ruan orbifold cohomology, and extend it in a straighforward manner to the case with boundary. Loosely speaking, the idea of this cohomolgy theory is to associate to an orbifold Q another orbifold,Q (where at least one of the connected components ofQ is diffeomorphic to Q), and use the cohomology groups ofQ (we should note that this informal description leaves out an important modification to the grading of the cohomology groups). Using this cohomology theory, we develop an Euler Class which relates to the Euler Characteristic of the underlying topological space of Q. The essential idea here is to apply the ChernWeil description of characteristic classes to the curvature of a connection onQ, yielding a (non-homogeneous) characteristic class in orbifold cohomology. Similarly, the index of a vector field X on Q is computed to be the index of its pull-backX ontoQ. This suggests the paradigm that geometric structures onQ can be considered to be structures on Q which take multiple values on singular sets. It is in this manner that we prove the abovementioned Gauss-Bonnet and Poincaré-Hopf theorems for orbifolds (Theorem 4.1 and Corollary 4.1) and orbifolds with boundary (Theorems 4.2 and 4.3), relating to the Euler Characteristics of the underlying space.
Orbifolds and Their Structure

Definitions and Examples
In this section, we collect the definitions and background we will need. For more information, the reader is referred to the original work of Satake in [17] and [18] . As well, [16] contains as an appendix a thorough introduction to orbifolds, focusing on their differential geometry. Other good introductions include [22] and [3] , the former providing a great deal of information on the topology of low-dimensional orbifolds. The reader is warned that the definition used in these latter works is more general than ours, as it admits group actions which fix sets of codimension 1. For the most part, we follow the spirit of Satake and Ruan.
Let X Q be a Hausdorff space. 
Given an orbifold chart {V, G, π}, each γ ∈ G induces an injection λ γ of {V, G, π} into itself via
Note that this injection is trivial if γ acts trivially. Similarly, given an injection λ 12 :
are related in this manner (see [18] , Lemma 1).
Two orbifold charts {V 1 , G 1 , π 1 } and {V 2 , G 2 , π 2 } are said to be equivalent if U 1 = U 2 , and there is an injection λ 12 with f 12 an isomorphism and φ 12 a diffeomorphism.
Definition 2.3 (orbifold)
An orbifold Q is a Hausdorff space X Q , the underlying space of Q, together with a family F of orbifold charts such that
• Whenever U i ⊂ U j for two uniformized sets, there is an injection λ ij :
If all of the orbifold charts in F are without boundary, then Q is an orbifold without boundary. Similarly, if each chart in F is reduced, then Q is said to be a reduced orbifold. Otherwise, Q is unreduced.
It is easy to see that, given an unreduced orbifold Q, one can associate to it a reduced orbifold Q red by redefining the group in each chart to be G i /K i , where K i again denotes the kernel of the action on V i .
Fix p ∈ Q, and say p ∈ U for some set U ⊂ Q uniformized by {V, G, π}. Letp ∈ V such that π(p) = p, and let Ip denote the isotropy subgroup ofp ∈ V . The isomorphism class of Ip depends only on p; indeed, ifp ′ is another choice of a lift, then there is a group element γ ∈ G such that γp ′ =p, so that Ip and Ip′ are conjugate via γ.
is another choice of chart with p ∈ U ′ (and we assume, without loss of generality, that
that maps Ip isomorphically onto I φ(p) (see [18] , page 468). We will often refer to the (isomorphism class) of this group as the isotropy group of p, denoted I p . If I p = 1 (using Q red in the case that Q is not reduced), then p is singular; otherwise, it is nonsingular. The collection of singular points of Q is denoted Σ Q . Before proceeding, we give some examples of orbifolds.
Example 2.1 If M is a smooth manifold and G a group that acts properly discontinuously on M such that the fixed point set of G has codimension ≤ 2, then the quotient M/G is an orbifold ([18] , [22] To obtain a suitable cover of M/G, augment some cover {U p } by adjoining finite intersections. Whenever U p1 ∩· · ·∩U p k = ∅, this means some set of translates γ 1 V p1 ∩· · ·∩γ k V p k has a corresponding non-empty intesection. This intersection may be taken to be U p1 ∩ · · · ∩ U p k with associated group γ 1 I 1 γ
With this, we need only note that Thurston's proof (applied to the boundary, and restricted to ∂M ) will give a cover of ∂Q, consistent with that on Q, making ∂Q an orbifold.
Q.E.D.
Orbifolds which arise as global quotients of manifolds are called good; otherwise, they are bad. Example 2.2 (Kawasaki [9] ) If G is a Lie group that acts smoothly on a smooth manifold M such that
• ∀x ∈ M , there is a smooth slice S x at x,
• ∀x, y ∈ M such that y / ∈ Gx, there are slices S x and S y with GS x ∩ GS y = ∅, and Figure 1) ).
In fact, every compact 2-dimensional orbifold (with or without boundary) can be constructed from a compact 2-dimensional manifold by removing disks and replacing them with R 2 /G for some finite group G with one singular point. Note that in dimension 2, the boundary of the orbifold cannot contain singular points.
The underlying space of an orbifold need not be a topological manifold, even in dimensions 3, as is demonstrated by the following example (taken from [21] [3] , page 16, example 10) , and the interior has two singular sets, both homeomorphic to a line segment, with isotropy subgroups of order k and l, respectively (see Figure 2 below).
Note that this orbifold is good when k = l. For in this case, the orbifold can be expressed as M/Z k where M = {(x, y, z) ∈ R 3 : 1 ≤ x 2 + y 2 + z 2 ≤ 2} and Z k acts via rotation about the z-axis). That this orbifold with boundary is bad whenever k = l follows from the following proposition. Proposition 2.1 Let Q be a good orbifold with boundary. The ∂Q is a good orbifold.
Proof:
If Q = M/G for some manifold M and group G, then ∂Q = ∂M/(G |∂M ).
Q.E.D.
The next step is to introduce the notion of a vector bundle on an orbifold. The following definition follows [11] (compare [18] and [16] ; note that our definition of an orbifold vector bundle corresponds to Ruan's definition of a good orbifold vector bundle).
Definition 2.4 (orbifold vector bundlle) Let Q be an orbifold. By an orbifold vector bundle E of rank k, we mean a collection consisting, for each set U ⊂ Q uniformized by {V, G, π}, of a G-bundle E V over V of rank k such that the G-action on V and E V have the same kernel. We require that for each injection λ 12 :
The total space of the bundle E, also denoted E, is formed from the collection E V /G by identifying points (p, v) ∈ E V1 and (q, w) ∈ E V2 whenever there is an injection λ 12 : 
It is clear that this collection defines a well-defined map s : Q → E from Q into the total space of the bundle E.
It is important to notice that E is not generally a vector bundle over Q, as the fiber σ −1 (p) over a point p ∈ Q is not always a vector space. In general σ −1 (p) ∼ = R k /I p , which is a vector space only when Ip acts trivially; i.e. when p is nonsingular.
In particular, the tangent bundle of an orbifold is defined to be the collection of tangent bundles T V over each V where the G-action is given by the Jacobian of the injection induced by the group action. More explicitly, each γ ∈ G induces an injection λ γ : {V, G, π} → {V, G, π} as was explained above. Forp ∈ V and p ∈ U such that π(p) = p, let
be the Jacobian matrix of the action of γ atp for a fixed choice {u i } of coordinates for V . Then {g γ (p) : γ ∈ Ip} defines an Ip-action on TpV i (see [18] ). Note that the space of vector fields on a uniformized set U , i.e. of sections of the orbifold tangent bundle over U , corresponds to the space of G-invariant vector fields on V . If p ∈ Q, we refer to the maximal vector space in T p Q := σ −1 (p) as the space of tangent vectors at p. The tangent vectors at a singular point are tangent to the singular set.
In particular, the exponential map exp : T Q → Q is defined. Using this map and the fact that the G-action on the tangent bundle is linear, given an orbifold chart {V, G, π}, we may use the tangent bundle to define an equivalent orbifold chart Throughout, we will use the convention that, for a given point p ∈ Q a chart labeled {V p , G p , π p } has these properties with respect to p. We refer to such a chart as an orbifold chart at p (see [16] for details).
In this same manner, we can define the cotangent bundle, its exterior powers, etc. for an orbifold Q. Differential forms are defined, as are their integrals in the following sense: if ω is a differential form on Q whose support is contained in a uniformized set U , then the integral Q ω is defined to be
whereω is the pullback of ω via the projection π. The integral of a golbally-defined differential form is then defined in the same way, using a partition of unity subordinate to a cover consisting of uniformized sets (see [18] ).
The Dimension of a Singularity 2.3 Motivation
Throughout this section, let Q be an n-dimensional, compact, reduced orbifold, p ∈ Q, and let (V p , G p , π p ) be an orbifold chart at p. As was noted above, the tangent bundle T Q of Q is not generally a vector bundle. Indeed, if p is a singular point of Q (i.e. G p = 1), then letting ρ : T Q → Q denote the projection, ρ −1 (p) ∼ = R n /{g γ (p) : γ ∈ G} for any liftp of p into V p ; the fiber is not a vector space (recall that g γ (p) denotes the infitessimal action of γ ∈ G p on TpV p ). This fibre, however, is larger than the set of tangent vectors at p (the vectors in TpV p which are fixed by g γ for each γ ∈ G p ), which compose the largest vector space contained in π −1 (p). Hence, for a vector field X on Q, X(p) is always an element of the maximal vector space contained in T p Q.
Therefore, the space of tangent vectors of Q at p may, as a vector space, have a smaller dimension than the dimension n of the orbifold. This will play an important role in understanding the zeros of vector fields on orbifolds. In particular, if the space of tangent vectors has dimension 0 at any point, then any vector field must clearly vanish at that point; this is much different than the case of a manifold. This motivates the following definition. Definition 2.5 (Dimension of a Singularity) With the setup as above, we say that p has singular dimension k (or that p is a singularity of dimension k if the space of tangent vectors at p has dimension k.
First, to verify that this definition is well-defined. Proposition 2.2 The singular dimension of a point p does not depend on the choice of the orbifold chart, nor on the choice of the liftp of p in the chart. Proof:
Fix p ∈ Q, and let {V i , π i , G i } and {V j , π j , G j } be orbifold charts with p ∈ U i ∩ U j . Suppose first that U i ⊆ U j , and then by the definition of an orbifold, there is an injection with embedding φ ij :
Now, letp i be a point in V i such that π i (p i ) = p, and thenp j := φ ij (p i ) has the property that π j (p j ) = p (by the definition of φ ij ). With respect to the chart V i , the singular dimension of p is the dimension of the space of tangent vectors at p; i.e. the dimension of the vector subspace of Tp i V i which is fixed by the infinitessimal Ip i -action. We have that φ ij is a diffeomorphism of V i onto an open subset of V j . Moreover, as the groups Ip i and Ip j are isomorphic, we have that the associated injective homomorphism
and conversely. Therefore, the map d(φ ij )p i restricts to a vector space isomorphism of the fixed-point set of the Ip i -action on Tp i V i onto the fixed-point set of the Ip j -action on Tp j V j , ensuring that their dimensions are equal.
That the singular dimension at p does not depend on our choice of the liftp of p is now clear: ifp
Hence we may apply the above argument.
In the case where U i is not a subset of U j , there is a chart over some set U k with p ∈ U k ⊆ U i ∩ U j . The above argument gives us that the dimension is the same with respect to U k as with respect to U i , and the same with respect to U k as with respect to U j .
Properties
Note that every point in Q has a singular dimension, not simply the singular points. In particular, we have Proposition 2.3 The non-singular points in Q are precisely the points with singular dimension n, where n is the dimension of Q.
Proof:
Let p be a point in Q, and suppose that p has singular dimension n. Let {V p , G p , π p } be an orbifold chart at p. Taking a liftp ∈ V p such that π(p) = p, we then have by hypothesis that the space of Ip-invariant vectors in TpV p , has dimension n, and hence that Ip acts trivially on TpV p . Of course, as Q is reduced, and as G p = Ip by our choice of charts, this implies that G p = 1, and that p is not a singular point.
Conversely, for p a non-singular point in Q, Ip = 1 for any liftingp of p into any chart, and hence fixes the entire n-dimensional vector space TpV in the corresponding chart.
Recall that Σ Q denotes the set of all singular points in Q (i.e. points p such that G p = 1 for any chart at p). For each k with k = 0, 1, . . . , n, let Σ k denote the set of all singular points with singular dimension k. Clearly
As was pointed out in Satake [18] , Q\Σ Q (which, in our notation is Σ n ) is an n-dimensional manifold. However, we also have following proposition (see also [9] ): Proposition 2.4 Let Q be an n-dimensional orbifold (with boundary). Then for k = 0, 1, . . . n, Σ k naturally has the structure of a k-dimensional manifold (with boundary). Moreover, ∂Σ k = Σ k ∩ ∂Q.
Fix k with 0 ≤ k ≤ n, and let p be a point in Σ k . Take {V p , G p , π p } an orbifold chart at p andp ∈ V p a corresponding lift of p. By the definition of Σ k , we have that the Ip-invariant subspace of TpV p is of dimension k. Hence, as G p acts linearly on V , there is a k-dimensional subspace Y of R n ⊃ V p on which Ip acts trivially. If k = 0, then Y = {p} is clearly the only invariant point of V p , and hence U p is an open set containing p in which p is the only 0-dimensional singularity. Therefore, the 0-dimensional singularities are isolated, and form a 0-manifold. The rest of the proof will deal with the case k > 0.
First suppose that p is not a boundary point of Q (so, in particular, we may assume that V p does not have boundary). Note that by the definition of Y , each pointx ∈ Y is fixed by Ip. Hence, the isotropy subgroup Ix of eachx ∈ Y in G p clearly contains Ip. However, by our choice of charts, Ip = G p , so that each Ix = G p . Hence, we may take W = Y ∩ V p to be an open subset of Y with constant isotropy.
Note that as
That such charts cover Σ k is clear, as p was arbitrary. Moreover, that such charts intersect with the appropriate transition follows directly from the existence of the φ ij .
Similarly, if Q has boundary and p ∈ ∂Q, then Y is a subspace of
Hence, we see that π p restricts to a chart of a manifold with boundary on Σ k with p ∈ ∂Σ k .
Q.E.D. 
where
denotes rotation by π about the x-axis and (R
as pictured (see Figure 3) . We note, however, that the set
, and the set Σ 0 = {p} is a 0-manifold.
This example serves to illutrate the structure of the set Σ Q almost in general. For, intuitively, in any chart {V, G, π}, tangent vectors to V which are invariant under the {g γ : γ ∈ G}-action must clearly be tangent to the singular set Σ Q . Hence, at points where two singular strata 'run into' one another, the dimension of the space of tangent vectors decreases. Hence the intersections of the closures of two connected components of Σ k , for some k, belong to Σ j for some j < k.
We state the following obvious corollaries: 
Examples of 0-Dimensional Singularities
Our primary interest here is the case of singularities with dimension zero, over which the largest vector space contained in T p Q is {0}. For over such points, any vector field must vanish. See Figure 4) . This is clearly an orbifold with one chart, where V = R 2 , G ∼ = Z 3 , and π is the quotient map induced by the group action, and one singular point p = π(0, 0). Then a vector field on C is precisely a G-invariant vector field on V = R 2 . However, as γ has no eigenvectors, any vector on the tangent space at (0, 0) is not fixed by G, so that any vector field on C must vanish at the singular point.
It will be helpful if we develop the tangent space of this previous example explicitly. Any point q ∈ C, q = p with liftq ∈ V to the chart has a trivial isotropy group Iq = 1. Hence the action of Iq on the tangent space, TqV ∼ =q × R 2 is trivial, so that the space of tangent vectors is
The set Σ 2 = C\{p} is clearly a 2-dimensional manifold. Moreover, taking a point q ∈ Σ 2 and an open ball V ′ about q which does not intersectp = (0, 0) (small enough so that γV
gives a manifold chart of Σ 2 near q, and the (manifold) tangent space of Σ 2 at q is exacly the (orbifold) tangent space of C at q. Now, the pointp = (0, 0) has isotropy group Ip = G. Identifying TpV with R 2 in the usual way, we have that as G is linear, g γ (p) =p (identifying coordinates on V with coordinates on TpV via the exponential map; this simply states that the Jacobian of a linear operator is itself). Then TpV
Ip is defined to be the set of vectors in TpV ∼ = R 2 which are invariant under the action of the group generated by
which is clearly only the zero vector. Hence,
, and the space of tangent vectors to C at p contains only the zero vector.
The following example is meant to illustrate the limitations of using Satake's definition of a V-manifold with boundary (see [18] for the definition). In particular, it is an example in which there is no non-vanishing vector field on the boundary. Example 2.9 Now consider the orbifold C 0 with boundary (using Satake's definition of a V -manifold with boundary), formed from C by considering only the sets
, and
(Using standard polar coordinates (ρ, θ) on R 2 ; see Figure 5 ).
is clearly an orbifold with boundary, with one singular point p = π(0, 0) of dimension zero. Hence, as p ∈ ∂C 0 , there is no vector field X on Q 0 which is non-vanishing on the boundary. Indeed, for any such vector field,
We should note that these two previous examplesa are non-compact for simplicity of exposition, but that, by reducing the domain of the chart and patching them together, the same type of singularity can clearly occur in the case of a compact orbifold, the first as the sole singularity in the Z 3 -teardrop, and the second in a teardrop which is missing a piece homeomorphic to a disc, where the singularity occurs on the boundary.
For our definition of orbifolds, however, the above cannot occur. Indeed, it is trivial to show (using a chart with linear group action) that if Q is an orbifold with boundary M equipped with a Riemanninan metric, then for every point p on the boundary of Q, the tangent space T p Q contains a nontrivial subspace normal to M . In particular, M contains no 0-dimensional singularities.
3 The Gauss-Bonnet and Poincaré-Hopf Theorems for Orbifolds With Boundary
Introduction
Our goal in this section is to generalize Satake's Gauss-Bonnet Theorem for orbifolds with boundary [18] using the more modern definition of an orbifold with boundary. We will see that, with this definition, Satake's boundary term can be simplified considerably (indeed, in some cases it will vanish).
To this end, a note is necessary. The statemenet of Satake's Gauss-Bonnet Theorem for orbifolds with boundary refers to an outward-pointing unit normal vector field on the boundary of M of Q. In the case that Q is taken to be a V -manifold with boundary (as defined by Satake), the boundary may very well contain 0-dimensional singular points (as in the case of the sliced cone in Example 2.9), in which case this vector field does not exist-indeed, in such a case there will be no non-vanishing vector field on the boundary. However, our definition does not allow such behavior.
This section follows constructions in [5] , [18] , and [20] . However, our notation primarily follows that of [20] . Where possible, we state our results and constructions for general orbifold vector bundles, though our primary applicaion will be to the tangent bundle.
The Setup
For the following, let Q be a compact orientable orbifold of dimension with boundary M . Let ρ : E → Q be an orbifold vector bundle over Q with rank n = 2m or 2m + 1 fiber and, assuming a Euclidean metric on E, let SE denote the unit sphere bundle of E. Fix a compatible SO(n)-connection ω with curvature Ω on E, such that the connection respects the product structure of Q near the boundary. In particular, at any point p ∈ M , with respect to any chart {V, G, π} and any oriented orthonormal frame field (e 1 , e 2 , . . . , e l ) for the fiber π * Ep atp (π(p) = p), we have that ω i,j = Ω i,j = 0 whenever i = 1 or j = 1.
For the specific case where E = T Q is the tangent bundle of Q, let X be a vector field on Q which is non-zero on M and has a finite number of fixed points p 1 , . . . , p s on the interior of Q. Denote by B r (p i ) the geodesic ball about p i of radius r, and for ease of notation, let
. . , p s } → ST denote the section of ST induced by X. We will sometimes take X to extend a unit normal vector field on M , in which case we will use the notation X 0 for the vector field and α 0 for the induced section on the unit tangent bundle.
Notes on the Definitions of the Integrands
A note is in order on our definition of the Euler curvature form E(Ω) and its secondary form Ψ. These forms, which were originally defined by Chern [5] in the case of the tangent bundle of a closed Riemannian manifold of even dimension, were used by Satake [18] and Sha [20] in the generalizations of the Gauss-Bonnet Theorem to the case of even-dimensional orbifolds and of the Poincaré-Hopf Theorem to the case of manifolds with boundary, respectively. However, the definitions of the two forms differ slightly, primarily due to Chern's further developments in [6] . Hence, some care must be taken with respect to how the various definitions of the forms fit together.
In [5] , the forms first appeared on the tangent bundle of a closed Riemannian manifold of dimension n = 2m. They were called Ω and Π, respectively, and defined as follows:
and
its secondary form on the unit sphere bundle, where
for k = 0, 1, . . . , m − 1 (as usual, S(n) denotes the group of permutations of n letters).
In [6] , Chern introduced a new definition of the form Π on both even and odd-dimensional manifolds:
It is vpointed out ( [6] , page 675) that, when n is even, the Φ k , and hence Π, reduce to their definitions in [5] . Here as well, the definition of Ω differs from the previous only by a minus sign.
The reason for our difficulty is that Satake [18] , in his proof of the Gauss-Bonnet Theorem for orbifolds and orbifolds with boundary, used the definitions in the latter Chern paper [6] , while Sha [20] used the definitions in the former (in the even-dimensional case). We will be following Sha's notation, for the most part, calling the secondary form Ψ, but will need the fact noted above that this form is identical, in the case of the tangent bundle when n is even, to the form Π which Satake uses. For the form E(Ω), Satake and Sha agree and use the definition in [6] .
Hence, we will use the following definitions:
is the Euler curvature form, which agrees with the definition of Chern [6] . The secondary form on the unit sphere bundle is
We have that on the unit sphere bundle, dΨ = −ρ * E(Ω), where ρ : Q → ST again denotes the bundle projection.
The Result of Satake for Closed Orbifolds
In [18] , we have the following Gauss-Bonnet Theorem in the case of an oriented, compact, even-dimensional orbifold with boundary:
where N is the outward-pointing unit normal vector field on M .
Here
Satake's definition of the Euler characteristic for an orbifold without boundary came out of his proof of the Gauss-Bonnet Theorem in this case, with the equation
Since the left-hand side does not depend on the vector field X, and the right-hand side does not depend on the metric, this number is an invariant of the orbifold itself. We denote this invariant χ orb (Q) and refer to as the orbifold Euler Characteristic. Satake goes on to show how this number can be computed in terms of a suitable triangulation, the existence of such a triangulation since having been proven in [12] . Specifically, if T is a triangulation of Q such that the order of the isotropy group is a constant function on the interior of any simplex σ ∈ T , then letting N σ denote this value, we have
Now, in the case that Q has boundary, the inner orbifold Euler Characteristic χ ′ orb (Q) is defined similarly, but with respect to a particularly chosen vector field: one which extends the outward unit normal N on the boundary M of Q. In this case, given a simplicial decomposition as above, we have
where T 0 denotes the collection of simplices which not completely contained in the boundary. As was pointed out in Sha [20] for the case of manifolds, in the specific case of the outward-pointing normal vector field and n even, if α 0 denotes the section of ST M induced by N , we have that
This is proven as follows:
The form Ψ is a sum of forms of the form
for k = 0, 1, . . . m − 1. With a chart {V, G, π} and an orthonormal oriented frame field (e 1 , e 2 , . . . , e n ) chosen for a pointp on the boundary π −1 (M ) = ∂V such that the (e 2 , . . . , e n ) are tangent to the boundary of V , we have that the outward-pointing normal unit vector field N is locally equal to −e 1 in the lift to V ; it has coordinates (u 1 , u 2 , . . . , u n ) = (−1, 0, . . . , 0) with respect to the frame. Hence, since the θ V i are the dual basis for (e 1 , e 2 , . . . , e n ), we have that θ i • N vanishes for each i. Therefore, as each of the Φ k contain factors of θ i for some i, we have that each of these terms vanish when acting on N , and hence α * 0 (Ψ) = 0.
It will be worthwhile to see as well how these computations simplify in the case of n = 2m + 1 odd (this is also noted by Sha in [20] ). As above, all of the θ i factors vanish, but there does exist one Ψ k which does not contain any such factors:
Moreover, in α * 0 (Φ m ), we have that the coefficient u τ (1) = 0 in every term except those such that τ (1) = 1 (recall that u 1 = −1 and u j = 0 for j > 1). Hence,
where S(n − 1) is understood to be the group of permutations on {2, 3, . . . , n}. So in this case,
Recall that (e 2 , . . . , e n ) is a frame field for M , and that M is of dimension n − 1 = 2m. Therefore, the above form is precisely 1 2 times the Euler curvature form for M . In summary,
Hence, in the odd case,
, the last equality following from Satake's Gauss-Bonnet Theorem for even-dimensional closed orbifolds.
The First Gauss-Bonnet and Poincaré-Hopf Theorems for Orbifolds With Boundary
With this, we may restate Satake's result for orbifolds with boundary.
Theorem 3.1 (The First Gauss-Bonnet Theorem for Orbifolds with Boundary) Let Q be a compact oriented orbifold of dimension n with boundary M , and let E(Ω) be defined as above in terms of the curvature
Note that as E(Ω) is defined to be zero in the case that n is odd, we have the relation We are now in the position to extend the Poincaré-Hopf Theorem to the case of a compact (oriented) orbifold with boundary. We first summarize some results.
Begin with the setup given above, for a general vector field X with a finite number of fixed points p 1 , . . . , p s on the interior of Q. In both the even and odd cases, it was demonstrated by Satake [18] that
on the unit sphere bundle of the tangent bundle. Moreover, at a point p i at which X(p i ) = 0 (since for r be small enough, the B r (p i ) are disjoint), we have that
Recall that B r (p) denotes
Hence, based on Sha's proof of the Poincaré-Hopf Theorem for manifolds with boundary and Satake's proof of the Gauss-Bonnet Theorem, we have the following:
If n = 2m is even, then χ
by Theorem 3.1,
as ρα is the identity map on Q
by Stoke's Theorem,
Similarly, if n = 2m + 1 is odd, then as E(Ω) = 0,
In summary, we state Proposition 3.1 Let Q be a compact oriented orbifold of dimension n with boundary M . Let X be vector field on Q which has a finite number of singularities, all of which occuring on the interior of Q. Then
The Thom Isomorphism Theorem for Orbifolds
In what follows, we will show that, as is the case with manifolds, the cohomology class of the form Ψ is an invariant of T Q |M , and hence does not depend on the various choices made. In order to characterize the cohomology class of Ψ in H n (ST Q + |M , we need to determine its relationship with the Thom class of the tangent bundle of the orbifold. In this section, we develop the Thom Isomorphism Theorem for orbifolds in de Rahm cohomology.
The Thom Isomorphism in de Rahm Cohomology
We begin by stating the following Theorem (taken from [13] ). In this case, E 0 denotes the set of nonzero vectors in the vector bundle ξ with total space E (so that E 0 = E\{zero section}), and F is a typical fiber (with F 0 = F ∩E 0 , the set of nonzero vectors in F ).
Theorem 3.2 (Thom Isomorphism Theorem) Let ξ be an oriented l-plane bundle with total space E. Then the cohomology group H
i (E, E 0 ; Z) is zero for i < l, and H l (E, E 0 ; Z) contains one and only one cohomology class u whose restriction
is equal to the preferred generator u F for every fiber F of ξ. Furthermore, the correspondence y → y ∪ u maps
We will be using the Thom isomorphism below in de Rahm cohomology, so it will serve us to re-state the theorem in this context. The construction below is based on the work of Schwerdtfeger [19] .
Let M be a manifold with E an n-dimensional vector bundle over M . Assuming a Riemannian metric on the bundle E, let B denote the unit disk bundle of E (i.e. the set of vectors v with v ≤ 1) and ∂B = S the unit sphere bundle. We let ρ denote the projection ρ : E → M , as well as its restriction to B, S, etc. Let B 0 = E 0 ∩ B, and let ψ : B 0 → S be the map v → 1 v v. The cohomology of the pair (E, E 0 ), then, is studied via forms on B relative to S (i.e. forms on B which vanish on the boundary). We state the following theorem, from [19] , noting that we have changed his notation and sign convention in a consistent and suggestive manner: Then the form
is a representative of the Thom class.
Quite clearly, in the case of a manifold, the forms E(Ω) and Ψ, as defined above, satisfy these conditions, and hence we may take this to be a definition of the Thom class for E (here again, we take the restriction of Ψ to the sphere bundle of E). With this, we have that the map
Note that we are using the natural isomorphisms between H k+n (E, E 0 ) and H k+l (B, S).
The Case of a Global Quotient
Let Q := M/G be a good n-dimensional orbifold with M oriented and G finite, and let E be a G-bundle on M . Then E/G naturally has the structure of an orbibundle over Q. Say that E/G carries a Euclidean metric (which is precisely a G-equivariant metric on E). Recall that a differential form ω on Q is precisely a G-equivariant differential form on M . Hence, if Ω k G (M ) denotes the G-equivariant k-forms on M , then the quotient projection
, which is clearly a linear isomorphism. If we extend π to E → E/G, then we have a similiar identification
Throughout this section, let π denote the projection of M onto Q (and its various extensions to bundles and their corresponding fibrations on these spaces). With E and E/G the bundles over M and Q, respectively (with respective projections ρ M and ρ Q ), we let E 0 and (E/G) 0 denote the collection of nonzero vectors in each of these spaces.
Let u M ∈ H n (E, E 0 ; R) denote the Thom class of the bundle over M (tensoring the cohomology group with R), and let τ ∈ Ω l (B M , S M ) be the differential form given above which represents the Thom class in de Rahm cohomology. In general, if ω ∈ Ω k G (M ) is a G-equivariant differential form on M , we will denote by [ω] M its class in H k (M ; R) and [ω] Q its class in H k (Q; R) (and respectively, on E, (E, E 0 ), etc.). So in this notation,
We have that the map
is an isomorphism (note that we have used the canonical isomorphisms of M with E via ρ * , and of (E, E 0 ) with (B M , S M ) via the injection of the latter into the former).
Note that τ is G-equivariant, as it is defined in terms of the forms Ψ and E(Ω), which are G-equivariant whenever the metric is. Hence, τ ∈ Ω n (Q) (via its identification with Ω n G (M )), and as dτ = 0 clearly, τ represents a cohomology class in H n (Q, R). Consider the mapψ :
We will represent this map using the isomorphisms
given above, and the obvious isomorphism
. Hence, we can identify G-equivariant forms on M with forms on Q, and the map can be expressed on forms asψ(ω) = π *
Before we deal withψ, however, we need a lemma which will help us relate Ω k (M ) and Ω
Suppose that dη 1 is G-equivariant, and pick an element g ∈ G and a singular (k − 1)-simplex in M . Note that c can be expressed as an R-linear combination of boundaries,
where every γ j is completely contained in some open set U ⊂ M . Then we have that
Therefore, as c, and g were arbitrary, c g * η 1 = gc η 1 for any singular (k − 1)-simplex c, implying that η 1 + ω is G-equivariant for some ω ∈ Ω k−1 (M ) with dω = 0.
Proof:
As ω 1 and ω 2 are closed, they represent classes [
k (E; R). So as ψ is known to be an isomorphism here, and as ψ(
Note that, as dη = ω 2 − ω 1 , dη is G-equivariant. Applying the lemma, we can take η to be equivariant, and hence [
Claim 3.2 The mapψ :
As ω is closed, dω = 0 is G-equivariant, so that ω can be taken to be G-equivariant. Hence, dη is G-equivariant, so that η is, so that ω represents a class in H k (Q; R), and γ is cohomologous to π *
Hence, we see that τ represents a cohomology class
. In summary, we state: 
The Case of a General Orbifold
For the case of a general closed orbifold Q with orbibundle E, we will use the fact that Q is locally a quotient; i.e. that point is contained in a neighborhood which is good. The proof of the Thom isomorphism theorem, then, will involve an induction following Milnor [13] . We note that for each open U ⊂ Q which is uniformized by {V, G, π}, U is given the structure of a good orbifold viaπ : V /G ∼ = U . Hence, the Thom isomorphism theorem is known locally. First, we let Q carry a Riemannian metric. Then we may take the definition of the Thom class, τ , as given above, in terms of the global forms Ψ and E(Ω). Then as dτ = 0, τ represents a cohomology class [τ ] =: u ∈ H n (B, S; R) ∼ = H n (E, E 0 ; R), which we define to be the Thom class of Q. Note that, for each uniformized U ⊂ Q, we may give U the restricted metric of Q, and then τ |U is the Thom form of U . We now proceed with the induction.
Suppose Q = U 1 ∪ U 2 is the union of two open sets, with U i having chart {V i , G i , π i } for i = 1, 2, with each V i a ball in R n and each G i acting linearly. Then applying the note above and the case for global quotients, the Thom isomorphism holds for E |Ui for each i. Note further that, as W := U 1 ∩ U 2 ⊂ U 1 , W is also given the structure of a quotient via the uniformization of U 1 .
We have the following two Meier-Vietoris sequences (with coefficients in R):
Using the fact that the isomorphism is known for all but one step in this sequence, we have that for each k,
where each of the vertical isomorphisms are given by · ∧ τ (on the level of forms; similarly, by · ∪ u in cohomology), where τ is appropriately restricted. Applying the Five Lemma gives us that * is also an isomorphism. Moreover, that isomorphism is given by · ∧ τ . Hence, we have shown the Thom isomorphism in this case. Now, suppose Q is any closed orbifold with orbifold vector bundle E of rank l, and let
be a cover of Q such that each U i is uniformized by {V i , G i , π i }. If k = 1, then Q is a global quotient, and Thom isomorphism is known. For k > 1, assuming by induction that the Thom isomorphism holds for E |U1∪···∪U k−1 , then the above argument shows that it holds for E.
With this, we have proven :
Note that as the de Rahm cohomology of an orbifold is known to be isomorphic to the singular cohomology, the ontological formulation of this proposition is trivial. In the sequel, however, we will need the particular representation of the orbifold Thom class in terms of the forms E(Ω) and Ψ. In particular, note that, by its construction, it is trivial that the restriction of τ to Q is E(Ω) (and hence the restriction of u to Q is the cohomology class of E(Ω) in H n (Q)). Note that this class is in general not the same as the Thom class of Q as a topological space; it is instead a (rational) constant multiple thereof.
Invariance of the Integrands on the Metric
We return to the specific case where Q has boundary, M = ∂Q, and E = T Q. We have the formula (Proposition 3.1)
which generalizes the Poincaré-Hopf Theorem to the case of a compact orbifold with boundary. In this section, we characterize the cohomology class of Ψ in H n (SE M ) in order to show that it does not depend on the metric. This section again follows [20] .
Recall that Satake verified that dΨ = −E(Ω), the latter representing the (orbifold) Euler class of T Q |M . However, as T Q |M is isomorphic to T M ⊕ ν where ν denotes the trivial bundle on M of rank 1 (this follows from the fact that a neighborhood of M in Q is diffeormophic to M × [0, 1)), its Euler class vanishes, and hence E(Ω) is exact. So Ψ is a closed form on ST Q |M , and hence represents a cohomology class Υ ∈ H n (ST Q |M ). We have seen that
where α 0 is the outward-pointing unit normal vector field on M . Moreover, by formula in [18] for the integral of Ψ on a fiber of ST Q |M , we have the following:
n to a fiber of the sphere bundle of π * T Q (i.e. the sphere bundle ST Q pulled back over V ), then then ι * π * (Υ) = s n , where s n denotes the canonical generator of H n (S n ).
Proof:
We will work with Ψ, the form representative of Υ in H n (ST Q |M ). LetX be a G-invariant unit vector field on V with a singularity of index 1 atp. Then the corresponding vector field X on M has index 1 |G| at p. Chern [5] demonstrated that if S is a geodesic sphere of sufficiently small radius aboutp, then S π * Ψ = 1.
Taking the limit as the radius r of S goes to zero, we have that the integral of Ψ over the fiber π * ST Qp is 1. Hence, as ι * π * Ψ is closed, and as ι * preseves integrals, ι * π * Ψ represents s n ∈ H n (S n ) (this result is stated in Sha [20] , Prop. 1.1 (2)]).
Q.E.D.
Note that in the case where G = 1, π is the identity map, so that ι * π * Ψ = ι * Ψ. With this, we may characterize the class Υ. Let E now denote the restriction T Q |M and E 0 the nonzero vectors of E. We follow Milnor [13] p.143-144] and Sha, but use real coefficients.
Just as in the manifold case, we have the cohomology exact sequence
We may replace H j (E) with H j (M ) using the natural isomorphism. Similarly, applying the Thom Isomorphism, we may replace H j (E, E 0 ) with H j−n−1 (M ), and then the restriction map H j (E, E 0 ) → H j (E) is composed with · ∪ u, resulting in · ∪ e (where e is the Euler class of E:
However, we have noted that the Euler class e of E is zero, so that setting j = n, we obtain
Finally, we choose ι : S n → ST Q p to be an isometry (as above) to a fiber over a point p with trivial isotropy, so that 0
gives the (split) exact sequence
With this, as α * 0 is a left inverse of ρ * , we have
. With respect to this decomposition, based on the properties of Ψ, Υ factors into − 4 The Gauss-Bonnet Integrand in Chen-Ruan Cohomology
Introduction
The goal of this chapter is to examine the expression of the results of the previous section in terms of the orbifold cohomology developed in [4] . In particular, we are interested in cohomology classes corresponding to those of E(Ω) and Ψ. Roughly speaking, Chen-Ruan orbifold cohomologyof an orbifold Q contains the usual cohomology of Q as a direct summand, but contains as well the cohomology groups of the twisted sectors, corresponding to irreducible components of the singular set of Q. With respect to this factorization, the new characteristic classes will project to the usual ones. They will, however, consist of extra, lower-degree terms, which correspond to the contributions of the singular sets. Our results, then, will involve topological Euler characteristics instead of orbifold Euler characteristics. Taking the point of view that an orbifold structure is a generalization of a differentiable structure on a manifold, we obtain results for orbifolds much more in keeping with the original Gauss-Bonnet and Poincaré-Hopf Theorems. Throughout this chapter, orbifolds and orbifolds with boundary will be taken to carry almost complex structures.
Chen-Ruan Orbifold Cohomology
In this chapter, we will be working with the orbifold cohomology theory developed by [4] . We will not develop this cohomology theory here, but will collect a summary for the sake of making the notation explicit. For the most part, we follow the notation in [4] , [16] , and [15] .
Let Q be an orbifold, and then the set
(where (g) Gp is the conjugacy class of g in G p ) is naturally an orbifold, with local charts
with respect to the chart {V p , G p , π p } at p, where V g p is the fixed point set of g in V p and C(g) is the centralizer of g in G p . If Q is closed, thenQ is closed, but it need not be conected, and its connected components need not be of the same dimension. However, an equivalence class can be placed on the elements of the groups G p so that if T denotes the set of equivalence classes and (g) the equivalence class of g,
The map π :Q → Q with (p, (g) Gp ) → p, is a C ∞ map. If Q is an almost complex orbifold, a function ι :Q → Q is defined which is constant on the connected components ofQ, with 2ι (g) ≤ n g , the codimension ofQ g in Q, with equality only when g = 1. This is called the degree shifting number of (g). The orbifold cohomology groups are defined by
Since eachQ (g) can be realized as a subset of Q, geometric constructions (i.e. bundles and their sections) on Q can be naturally extended to geometric constructions onQ (g) . In what follows, we wish to extend the characteristic classes of bundles over Q to characteristic classes of associated bundles overQ; however, pulling back such bundles via π will be insufficient. In particular, if E → Q is a rank k orbibundle and p ∈ Q is a singular point contained in a singular set of dimension l < k, then the maximal vector space in a fiber over p has dimension l. This implies that any k-form on Q is zero on p (note that it is required of sections s of orbibundles that for each q ∈ Q, s(q) is contained in the subspace E q of the fiber over q which is fixed by G q ; see [16] ). In particular, any form representing the Euler class of E is zero at p, so that the pull-back π * of this form will be zero on each connected component Q (g) ofQ of dimension is less than k. This is particularly disappointing in the case of the tangent bundle, in that no twisted sectors make contributions to the Euler class.
Instead, we will associate to each bundle E → Q a bundleẼ →Q whose dimension on each componentQ (g) is equal to k − n + l, where k is the rank of E, n is the dimension of Q, and l is the dimension ofQ (g) (i.e. the rank of E minus the codimension ofQ g in Q). We will then apply the Chern-Weil construction to a connection onẼ in order to define characteristic classes in H * orb (Q) which are invariants of E.
Chen-Ruan Orbifold Cohomology for Orbifolds with Boundary
In this section, we generalize orbifold cohomology to the case of orbifolds with boundary. This is a straightforward generalization following [4] .
Let Q be an n-dimensional orbifold with boundary M . Again, we let
Then we have:
Lemma 4.1 The setQ is naturally an orbifold with boundary, with projections given by
For the proof of this lemma for the case that Q does not have boundary, see [4] . The proof for the case with boundaries is identical. 
Proof:
Let (p, (g) Gp ) be a point in ∂Q. Then (p, (g) Gp ) is contained in a chart of the form {V g p , C(g), π p,g }, induced by a chart {V p , G p , π p } for Q at p. As (p, (g) Gp ) is in th boundary ofQ, V g p is diffeomorphic to R k + for some k; hence, V p must be diffeomorphic to R n + (where n is the dimension of Q). Therefore, p ∈ M . Conversely, suppose p ∈ M is a point in the boundary of Q, and let {V p , G p , π p } be a chart at p. Then V p ∼ = R n + , and any liftp of p into V p is contained in ∂V p . For any g ∈ G p , the element (p, (g) Gp ) ofQ covered by the chart {V g p , C(g), π p,g }, and any lift of (p, (g) Gp ) into V g p is clearly an element of ∂V g p . Therefore, (p, (g) Gp ) represents a point in ∂Q. With this, we note that any point (p, (g) Gp ) ∈M arises in such a way, and is contained in a chart forM induced by a chart forQ (and hence by a chart for Q.
Q.E.D.
We review the description of the connected components ofQ, treating the case that Q has boundary. Let {V p , G p , π p } be an orbifold chart for Q at a point p ∈ Q, and let q ∈ U p = π p (V p ). Let {V q , G q , π q } be an orbifold chart at q with U q ⊂ U p , and then the definition of an orbifold gives us an injection λ qp : {V q , G q , π q } → {V p , G p , π p }. The injective homomorphism f qp : G q → G p is well-defined up to conjugation, so that it defines for each conjugacy class (g) Gq a conjugacy class (f qp (g)) Gp . We say that (g) Gq ∼ (f qp (g)) Gp , which defines an equivalence class on the conjugacy classes of the elements of the local groups. Let (g) denote the equivalence class of the conjugacy class of a group element g; note that it is no longer important to state the particular local group from which g was taken. For each equivalence class, we let
and thenQ = Q (g) , where the union is taken over the collection T of equivalence classes. In particular, following [4] , we callQ (1) the nontwisted sector and eachQ (g) for g = 1 a twisted sector. It is worth noting that in the case that Q = M/G with M a manifold and G a finite group, the equivalence relation reduces to that of conjugation in G. to the fixed-point set V g p . Therefore, these uniformizing systems patch together to giveẼ the structure of an orbibundle overQ.
Applying the above argument to the tangent bundle shows that T (Q) =T Q; i.e. the tangent bundle ofQ is the collection of twisted sectors of the tangent bundle of Q. Similarly, the constructions of the cotangent, exterior power, and tensor bundles commute with this construction. Moreover, any smooth section ω of the bundle E naturally induces a smooth sectionω of the bundleẼ viaω : (p, (g)) → (ω(p), (g)). 
Proof:
We first note that on eachQ (g) , E(Ω) is a representative of the Euler class ofQ (g) , so that, by the Gauss-Bonnet theorem for orbifolds,
Note thatQ is closed, so that it has a finite number of connected components (i.e. T is finite). Now, let K be a simplicial decomposition of Q such that for each simplex σ ∈ K, the order of the isotropy group G p of p is constant on the interior of σ [12] . LetK be the simplicial decomposition ofQ induced by K, and for each σ ∈ K, denote by σ (g) the corresponding simplex inK which lies inQ (g) . As K is finite, let σ 0 , σ 1 , . . . , σ k be an enumeration of the simplices in K so thatK = {σ
(g) be a point on the interior of the simplex, and let h
, as well as the orders |G p i 
(if there is no σ i (g) for a specific (g) and i, then let the term be zero)
To finish the proof, suppose Q is almost complex, and note that for each (g) ∈ T , asQ (g) is on its own an orbifold, E(Ω) is a representative of the Euler class ofQ (g) in H * (Q (g) ). Denote this class e(g), and then E(Ω) represents the element
which is an invariant of the connection. Note that ifQ (g) has dimension d (g) , then e(g) is an element of
Note that it is inessential thatΩ be defined as being induced by a connection on Q; the theorem works if we begin with an arbitrary connection onQ.
In the case of an almost complex, reduced orbifold Q of dimension n, the cohomology group H n orb (Q) is isomorphic to the de Rahm group H n (Q). Hence, the top part of E(Ω) is a representative of the Euler class of Q with respect to this isomorphism. In the case that Q is not reduced, if i denotes the number of elements of T whose representatives act trivially, then
. Then the top part of E(Ω) is i copies of the Euler curvature form. 
This follows from the Poincaré-Hopf theorem for closed orbifolds [18] , applied to each connected component of Q. Note that, as vector fields must be tangent to the singular set, a vector field with a finite number of zeros on Q will induce a vector field with a finite number of zeros onQ.
Q.E.D.
Again, it is inessential that we begin with a vector field on Q and pull back toQ.
Examples
Example 4.6 We start with the example of a single point Q = {p} with the trivial action of a finite group G. In this case, the equivalence relation reduces to conjugation in the group. ThenQ = {(p, (g)) : (g) ∈ T }, and the degree shifting number ι (g) = 0 for each (g) ∈ T (see [4] ).
The contribution of each connected component {(p, (g))} ofQ to the orbifold cohomology is in H 
The Case With Boundary
We return to the case of an orbifold with boundary. A modification of the proof of 4.1 shows: If Q is almost complex, then E(Ω) represents an element of the cohomology ring H * orb (Q) which is independent of the connection on Q.
Note that χ ′ (Q) = χ(Q, M ).
Proof:
Again, by the Gauss-Bonnet theorem for orbifolds with boundary,
Using a simplicial decomposition of Q as above and the same counting argument, we have
Clearly, in the case where the dimension n of Q is even, this formula becomes
and in the case where n is odd, 1 2 χ(M ) = χ ′ (Q).
We now return to the proof of 3.1. LetΨ be defined in the natural way by taking the sum of Ψ on each connected component ofQ. Then the relation −dΨ = ρ * E(Ω) is immediate, as it is true on each connected component. Again, letX denote the extension of the vector field X toQ. We modify the proof of 3.1 by applying in the first step 4.2 instead of the original Gauss-Bonnet Theorem as follows:
If the dimension n = 2m of Q is even, then Note that the singular points p are taken to be those ofX, and hence the B r (p) contains balls about the singular points of each singularity ofX. Making the identical modification to the proof in the case that n = 2m + 1 is odd, we obtain Now, note that in the case that Q admits a complex structure, as the cohomology class of Ψ is independent of the connection chosen, the cohomology classΥ ofΨ in H * orb (ST M ) is similarly independent. In fact, it is clear that we can defineΥ to be the sum of the cohomology classes of the forms Ψ defined on each connected component ofQ from the connection, and thenΨ would be a representative of the cohomology classΥ. Hence, we have proven An important note is in order here. The author is not aware of any work which has developed a homology theory dual to orbifold cohomology. Hence, the notationΥ([M ]) appears to refer to a fundamental homology class which is not defined. Here,Υ([M ]) refers to the integral of any form representing the cohomology classΥ over the orbifoldM ; we have chosen to use this notation to emphasize the fact that the value of this integral is independent of the particular representative ofΥ chosen.
Note that in the case that Q is a smooth manifold without boundary, both 3.4 and 4.3 reduce to the classical Poincaré-Hopf Theorem. Hence, both can be considered to be generalizations of this theorem to orbifolds with boundary, in the spirit of [20] .
Here, K orb (Q) denotes the orbifold K-theory of Q, which is defined using complex orbifold vector bundles over Q.
We note that in the case of a reduced orbifold, these two invariants χ o (Q) and χ orb (Q) coincide. Indeed, for each p ∈ Q, e(p) coincides with the number of distinct (g) ∈ T such that (p, (g)) ∈Q. Hence, for each positive integer k, the preimage π −1 e −1 (k) of e −1 (k) inQ via the projection π :Q → Q is a k-fold disjoint covering. Therefore, we have that 
